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1. Introduction

The field of energy harvesting has been actively researched for many decades [1], exploring the different physical phe-
nomena that can be harnessed in order to generate useful electrical energy out of wasted ambient or residual energy sources,
such as ambient or machine vibrations, dissipated heat, etc. Such physical phenomena include, for example, the photoelec-
tric effect, piezoelectricity, magnetic induction and thermoelectricity [2]. The harvesting architectures found in the literature
of the field are manifold, and strongly depend on the physical mechanism by which the harvested energy is transduced into
electricity. The usual methods of analyzing such physical mechanisms are FEA simulations and linear parametric models,
such as ANSYS simulations of an electromagnetic micro-power generator [3], COMSOL simulations of a self-powered thermal
sensor [4], and linear models for several harvesting architectures [5-7]. In the case of electromagnetic architectures, even
though Maxwell’s equations are linear in the fields, the geometry of most of these architectures imposes boundary condi-
tions that render the solutions nonlinear [8]. This has the following implications:

e Linear models of the architectures are only approximate.

e Accurate computation of the solutions by the FEA method requires significantly more computing power than linear mod-
els, and transient simulation is slow and unreliable, due to the changing mesh conditions generated by the moving parts
of the architectures. Furthermore, static simulations can be hampered by artifacts that fail to disappear with increasingly
fine meshes. An example of these artifacts is a verification of Newton’s third law in a FEA simulation that is discussed
within the text (see Section 4).

In this paper a different approach to model an electromagnetic harvesting architecture is discussed in detail. In Section 2
the underlying physical principles which the model is based on are decribed; Section 3 develops the mathematical model for
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Nomenclature
X observation or “test” coordinate for field observables
X/ integration coordinate, used on every observable for adding the contribution from the infinitesimal elements in-

volved in the calculation. In this paper, every primed object is to be referred to this integration coordinate
B magnetic field generated by some current distribution and/or a space region with remanent magnetization
M a space region with remanent magnetization
H magnetic field intensity
p, ¢,z  the coordinates for the cylindrical coordinate system

J(u) Bessel functions of the first kind and integer order v
sg(x) the sign-of-x function
H(x) the Heaviside (or unit step) function

I(x;a) the boxcar function: H(x) — H(x — a)

the architecture’s dynamics in a segregated fashion, one phenomenon at a time; the full model that includes all analyzed
phenomena in Section 3.5 and finally some simulations are presented and discussed in Section 4. Some final comments
are appended as well.

2. Geometry and dynamics of the harvesting architecture

In Fig. 1 the parameters that configure the geometry of an electromagnetic harvesting architecture are presented. Figure
shows a rigid cylinder that contains three magnets, two of which are fixed and one of which is free to move. The motion of
the free magnet is directed along the z axis, and is detected by a coil wound around the cylinder. The repulsive magnetic
forces of the fixed magnets of the harvesting architecture maintain the free magnet in a position of equilibrium. This equi-
librium position shifts in response to an external signal, which could be generated by routine human body movements (i.e.
walking, jogging). The physical phenomena that play a relevant role in the dynamics of this harvesting architecture are
shown in Fig. 2. Each of them relates to a section in this document, as follows:

e Dynamic magnetic field : the magnetic field emanated by a permanent cylindrical magnet is calculated in Section 3.1.

o Magnetic force of interaction: the repulsive force among any pair of the magnets in Fig. 1 is modelled in Section 3.2.

¢ Induced electromotive force: the magnetic induction on the coil due to the relative movement of the moving magnet is
modelled in Section 3.3.
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Fig. 1. Axi-symmetric cross section of the harvesting architecture, showing its geometrical parameters.
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Fig. 2. Dynamics of the harvesting architecture as an interplay of physical phenomena. Arrow directions indicate causality relations.

e Coil’s induced current : the electric current created by the induced electromotive force is discussed at the end of Section
3.3.

o Coil’s generated magnetic field : the electric current mentioned before sets a magnetic field, which is calculated in Section
34.

e Magnetic damping force : the aforementioned magnetic field generated by the coil interacts with the moving magnet as
described in Section 3.4.

e Mechanical damping force : the damping force due to friction between the moving magnet and the structure’s cylinder is
introduced in Section 3.5, which constructs the complete dynamical model of the harvester.

3. Modelling of the physical phenomena
3.1. The magnetic field of a cylindrical magnet

The harvesting architecture described in Section 2 exhibits cylindrical symmetry, hence its modelling is easiest done on
the cylindrical coordinate system. For any of the magnets, the magnetostatic' scalar potential @y, (x = (p, ¢,z)) associated to a
permanent magnet (a space region with a remanent magnetization M) is given by two terms: one volumetric and one surface

[8]:
VM) T M)
Dy (X) = 4n/v o dx+4nj£ e (3.1)

For the following, take the analyzed magnet to be magnet 0 in Fig. 1, fixed to the origin position (z = 0, that is, setting z,, = 0),
with this magnet being homogeneously magnetized along the axial direction (so M(X) = M, (X)z = MoI1(p; rm)I1(z; hy)Z2). For
the remaining surface term, the only surviving components of the integration are those located on the flat surfaces of the
magnet (' = {0,hn,}), where the surface normal vector fi is equal to +2, depending on the following cases:

{/z i /z }<\x X pdpd¢> (3.2)

Notice the direct evaluation of @y, (x) as given in (3.2) for {x € R?|p 0} gives rise to intricate and oscillatory expressions
that demand numerical calculation, yielding long computation times. By exploiting the harvesting architecture’s cylindrical
axial symmetry, an exhaustive reduction in the number of these integrals is performed. Magnetostatic problems with cylin-
drical symmetry, such as the present one, admit an expression for the magnetic potential in terms of Bessel functions as gi-
venin (3.3)[8]. This (I)M(p,z) has to be piecewise defined, so as to properly define the magnetic scalar potential for all p and z.

Jo F(kye™J,(kp)dk, z > hp,
Dy (p,2) =< [(G k e + H(kye *)J,(kp)dk, 0 <z < hy, (3.3)
Jo~ Ikyer o (kp)dk, z<0.

! The speed of any motion of this harvesting architecture is very small with respect to the speed of light, and so the quasistatic approximation of
electromagnetism holds.
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From the magnetic scalar potential ®y(p,z) the magnetic field B can be derived by means of relation (3.4).

oD,
B = p(—Vdy + M) :>BZ:,u<—8—ZM+MZ>. (3.4)
For the continuity of the magnetic field the following boundary conditions are:

_ oDy oDy
H,(p,z=h"Y=H,(p,z=h") = —= = 3.5a
ppz=h)=Hipz=h)=ZH =T (3.52)

_ oDy 0Dy
H,(p,z=0") =H,(p,z=0") = —— =—" . 3.5b
ppz2=07) =Hy(pz=0) =58 =T (3.5b)

Applying (3.3)-(3.5) and solving for the unknown functions F(k), G(k), H(k) and I(k) (for details of this calculation, see Appen-
dix A), the magnetic scalar potential for the magnet is obtained :

(I)M(p7z) _ rméVIO /Om(e—k\z—hm\ _ e*k\Z\)]l (rm’<l)<]0(kp) dk. (36)

When the magnet is not located at the origin, and has been displaced a distance z,, (as shown in Fig. 1), the observation coor-
dinate z needs to be transformed to the displaced coordinate system as z — z* =z — z,,. The magnetic field z-component
B/ p,z), with this transformation applied, is obtained in (3.7).

» 00

B.(p.2) = uMu(p. ) + 151 [ (ebe ol — sg(z)sg(a — hae ') x Jy kel . 3.7)

0

For completeness, the p component of the magnetic field component B,(p,z) is also calculated by applying the rule
B=pu(-V®y+M)= B, =—-ud, Oy and proceeding as with (3.4). It is shown in (3.8).

B,(p,2) = ,uIV;_orm /OOC (e Ml e K1) [, (krm)], (kp) dk. (3.8)

3.2. Magnetic force of interaction among two cylindrical magnets
The force exerted by an external magnetostatic field B. on a magnet is given by the expression [8]:
Fo— /V (V- M)Be(x)x + ]g (M- )Be(x)dx.
In this case, the applied magnetic field is the one generated by a different magnet. For the calculation, consider magnets 0

and 1 in Fig. 1. Magnets 0 and 1 have axial magnetizations My and My, respectively. Hence, the only remaining term is the
surface integral:

F= f (M - 1(X))Be (X)d*x. (3.9)
S

Just like when calculating the magnetic field (see Section 3.1), the cylinder’s upper and lower faces are the only ones con-
tributing, as described in Section 3.1 above. Hence we obtain:
z=24 ) '

The field B, in these integrals is the magnetic field produced by magnet 0, given in (3.7). Assuming the relative positions of
these magnets are always as shown in figure, the field B, is given by the expression valid for the upper region of magnet 0
(that is, the case z,, + hy, < z1). Therefore the interaction force is calculated as follows:

T, 2n T 27
F,=-M, (/ ' B.(x)d0pdp —/f B.(x)d0pdp
0 0 0 0

2=z +hg

with y = T MoMirp, :
B@mmﬁﬂ</l/ (€' — 1)e em 2], (rmk)Jo (kp)dk MW*/I/(wﬂfﬂw%”%Uwhme
Jo Jo =z Jo Jo

— {/0 (e"mk — 1)gkiam-20) (]1 (krm3<1 (kr1)> dk — ./0&(ehmk — 1)ekena-h) (]1("%3{1(”1)) dk} .

pdp)
z=z1+h

(3.10)

Conversely, if magnet O is placed over magnet 1 (that is, the case z,, > z; + h;), the force can be calculated by exchanging
Zm <> 21 and hy, < hy in (3.10). Such a situation applies for the interaction force among magnets 2 and 0.
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3.3. Induced electromotive force on a cylindrical coil

As before, Fig. 1 depicts the geometry of the setup, where a coil with length L, density # of N turns per unit length and
radius r, surrounds a magnet with width h, radius r,;, and axial, constant remanent magnetization M. For this setup, we
fix the condition r, > r;,,. Starting from Faraday’s law in integral form, for a fixed-shape circuit C whose normal vector n is
oriented along the z axis (n = 2), the induced electric field on the circuit is given by:

jqéE dl = nd’x - / 9B: px.

where B is the magnet’s generated magnetic field and C is a coil turn. For the magnet’s equations of motion, note that the
dynamic variable is z,,, and so the velocities relation is given by:

se 7 (3.11)

The change in the magnetic field is dictated by the magnet motion by means of relation (3.11):

OB, 0B,dz 0B,.  0B,.

ot _ozdt ozt o™

Replacing in the previous expression:
. [OB. o . [T [*O0B, . [™O0B,
.?gE-dl_zmlsgdx_zm/o /0 Edepdp_anm(0 Epdp. (3.12)

Applying (3.7), it becomes mandatory to treat separately the three exterior regions of the cylindrical magnet’s generated
magnetic field. Carrying out these calculations yields the result given in (3.13). For the details of the procedure, see Appendix
B.

with o = oMol mry and w(k, T, ry) =1L 0R for the cases of Table B.3 :

E(zZm,zZm) = 0Zm fo fi(k, Zm, hm, Lp) w(k, 1, 13) dk case i, (3.13)

withi={1,...,5}:
f1(k,zm, hyn, Lp)
fo(k,zm, A, Lp)
f3(k,zm, hun, Lp)
( )

( ) =

efk z,,.+hm+Lb/2)( mk 1)(ekLb _ 1),
2 _ —k (Zm+hm+Lp/2) ( 1+ ehmk + ekLb + ek(hm+22m))]
)

[
[e k(zm+hm+Ly/2) (1 + ezk(hm+zm) _ el<(h,,,+22m) + ek(hm+Lb+22m)) _ 2]’

—k(Lp/2— Z,,.)(ehmk _ ])(ekl-b _ 1).
—Ic Zm+hm+Lb/2)( min(hm Ly)k _ ])(ek(hm+22m) _ -l)

f4 k7zm7 hn’h Lb
fs kvzmyhm,Lb
This induced voltage £(zi, zm) generates an induced current ij,q given by:
. diind
coil dt ’
where Rjy.q is the load resistance shunted to the coil, and R..; and L. are the coil resistance and inductance, respectively.
Ri0aa models the device that is to be powered by this architecture. This induced current will establish a magnetic field on its
own, concentrated mainly inside the coil, which will play the role of a damping mechanism that will decrease the magnet’s
speed as it moves through the coil. This mechanism is fundamentally a consequence of energy conservation, because had it

not existed, an instantaneous excitation of the system would produce an infinite amount of energy over time. The next task is
to calculate the generated magnetic field and the force it exerts on the magnet.

g(zm;zm) = (Rcoil + Rload)iind + L (314)

3.4. The magnetic field due to a current in a coil

The procedure shown in this section is done with respect to Fig. 1. In presence of applied (free) currents, the best way to
proceed is by calculating the magnetic vector potential A and derive the observables through the relation B=V x A. Again,
referring to [8] for setting our starting point, we begin with the following equation for the magnetic vector potential:

X X] (3.22)
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where the applied current density J must be cast in Cartesian coordinates in order to use this expression. For this geometry,
there is only one free current, which flows in the angular (azimuthal) direction:

Jo(X) = nlryo(p" — 1p)TN(Z', =Ly /2, Ly /2),

. 1 a<zghb,
with I1(z,0,b) = {0 otherwise

We express our total free current density as:
JX) = —J,sin¢’x + ], cos ¢'y.
Due to the axial symmetry, we can define the observation plane ¢ = 0 for calculation purposes. Since integral (3.22) is sym-

metric about ¢’ = 0, the x component will not contribute, and the only remaining component is y, which corresponds to the
azimuthal component A,. That is, A = A;¢. The result, given in (3.23),

. ;L 2 ply)2
Az p) - /J¢ co/s.d) sy _ Mo mrb/é(p rp)I(Z, Lb/IZ,Lb/Z)cosd> Py - to ,Uo 171r / /b COS¢, dZdy.
X—x X — x| L2 X—X|
Mo / (¢, p,z; rb,Lb)> '
Z,0,Lp,1p) Ir lo d
Ag(z.p.Lp, 1) = 52niry | log d)pzrb,Lb) ¢

with f*(¢', p,z;1p,Lp) =2z + L + \/Lﬁ +4Lyz + 4(r2 + 2% + p?) — 8rypcos ¢’
(3.23)
cannot be cast in closed form, requiring again to compute a 1D numerical integration for every point where it is required to

find the value of the vector potential. The magnetic field components are derived through the fundamental relation, by
means of the following expressions:

o g 10

B =-% ‘T pop

(PAg).-

It is, however, not mandatory for our purposes to explicitly obtain these components, as we are only interested in computing
the force exerted on the moving magnet, in the z direction. For this we use (3.9):

_ e 2, e 2 o s 2
F— § (M-h00)Beo d'x = | oM B(x) [ Ma)Bex) dx

J Lower face
2n 'm 2n m
FZ=M0< [ [ emx) dpdo- [ [ o
0 0 z=Zm+hm 0 0 —,

m 0 'm O
—2nM / 2 (pA d f/ D pay| d
o<o | e [T i p)

= 27tMo[(pAy)(Zm + hins T, Lo, ) — (PA) (Zm + B, 0, Ly, 1) — (PAg)(Zm, T, Ly, 1) + (PA4)(Zm, 0, Ly, 13)],
Fz = 2TUVIO Tm[A¢(Zm + hm7 rmaLb': rb) *A¢(Zm7 rmava rb)}

dpd¢
o (3.24)

and Ay(z, p) is given by (3.23).

3.5. Dynamical equations of the harvester

The interplay of all physical interactions described in this paper is depicted in Fig. 2. Now an explicit representation of this
interplay is required in order to simulate and analyze the harvesting device for a given set of its parameters. If the device is
subject to an externally applied driving acceleration A,(t), the moving magnet’s dynamics are given by (3.25):

Zm = Um, (3.25a)
bm _ Flfl (Zm) + FIfZ(Zm) ;Flb(zm7 lind) *fr(ym) *Ad(t), (325]3)
m
iind _ S(Zm, Um) - (Rcoil + Rload)iind 7 (325C)
Lcoil

where m, is the moving magnet’s mass, Fj; and Fj; are given by (3.10) for the moving magnet interacting with each of the
fixed magnets, Fy, is given by (3.24), £(zm, vm) is as shown in (3.13) and f{vy,) is the friction force due to the sliding of the
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moving magnet against its container wall. Note from (3.24) and (3.23) that F;5(Zy, iinda) = Fip(Zm) - iing, and also from (3.13) it
can be checked that £(zy,, vm) = £(zm) - Um. Therefore (3.25) is transformed into:

— (3.262)

Z-/m _ Flfl (Zm) + F’fz(zm)r:l_ lindFIb(Zm) _fr(vm) —Ad(t), (326b)

find = Z/mg(zm) - (fc?:l + Rload)lind ) (326C)
COL

A further effort can be undertaken by studying the scaling properties of the F;(z),£(z) and Fy(z) functions, which besides
revealing some of their relevant theoretical characteristics, allows for improved numerical conditioning of their calculation
as well as of the integration of the ODE system (3.26) through time, by scaling its equations. From (3.10) and (3.13) it can be
seen that Fi(z) and £(z) can be written as specific cases of a function g(z) given by:

g(ab,c) Zﬂl T (a;, b;, c;), (3.27)
T (a.b.c) = / e~“4], (b )], (ck)k” k. (3.28)
0

with N a positive integer, ; a real constant, a;, b; and c; real positive constants and v; € {0,1}, u; € {0,—1}. By performing the
change of variable k = Jk’ for some positive real constant /, it can be shown that:

T¥(a,b,c) = #*'TW(ia, ib, ic). (3.29)

Matching the expressions (3.10) and (3.13) with the form in (3.27) reveals that for both Fj(z) and £(z), their associated gr, and
g. have all of their v;=1 and ;= —1, which in view of (3.29) indicates that:

E(JzZm, Arm, M, ATy, ALy) = E(Zm, Tmy Am, Th, Lp), (3.30)
Fi(2zm, Arm, M, 224, 711, 201) = Fi(Zm, T, By 24,11, ). (331)

From (3.24) and (3.23) it is evident that:
),zFlb(j.Zm, ).T'm, )hm/ )LLb7 ).Tb) = FIb (Zm7 T'm, hm,Lb, r,,) (332)

because the integrand in (3.23) is invariant with respect to the /-scaling and there are two scaled variables (r,,, and r},) as
global factors of Fy,.

The introduction of the g(z) functions in (3.27) (which will be called from now on geometric functions) and their asso-
ciated geometric factor T# (a,b,c) as descriptors of the physical fields of this harvesting architecture raises a practical
issue in the numerical calculations for these fields: The computation of T!"(a,b,c) comprises a semi-infinite integral
with a highly oscillatory integrand. There are widely known techniques (i.e. Gauss-Kronrod quadrature [9]) that can han-
dle these kinds of integrals, but the computation is not unconditionally stable, as was evidenced in experiments with the
quadgk function in MATLAB. This geometric factor TE,")(a,b, ¢) must exist for every value in its parameter ranges as set
previously, but that did not always hold when experimenting with the aforementioned integration routine. Hence, an
analytical transformation of T'(a,b,c) is required such that the existence for all values in the specified parameter
ranges is assured. This transformation begins by employing one of the many representations for integer order Bessel
functions[10]:

oo 2n 2n S
T (a,b, ) = / e’”"h(bk)<i / eic"S‘“”*i"”dl))k"dk:i doe / e aiesinOk], (bk)k" dk
o 27 Jo 27 Jo 0
2T
_;_n/o dee—ivﬂH] {e—(a—icsinﬂ)klcll*1}, (333)

where H; is the Hankel transform of order 1 from k into b. This particular transform is an elementary function for the cases
ne{0,-1}

on -1/2
Zﬂb 0 doe" |:1 (1 (a— 1csm() :| pn=0,

1 2“ ivo : _ b? _
55 Jo doe’(a lcsme[ /1 + o] H= 1.

T (a,b,c) =
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Testing the parity and periodicity of the integrand in (3.33) with respect to 0 reveals a periodicity of 27, which is even in its
real part and odd in its imaginary part. Hence the imaginary part vanishes, and the full integral is always real as expected
from the start of the transformation procedure. Therefore:

. -1/2
L (™ dge-iv {1 -1+ } p=0,
TWab,c)=4 " " (1+ ) (3.34)
—iVi PP 2
L [ doe=(a — icsin 0) [l — /14 (aiicbsino)z w=-1.
A special simple case is [10]:
(-1) _ min(bac)
T 0.b.c)= 2max(b,c)’ (3:33)
The accuracy and numerical stability of these integrals can be improved as follows. Define ¢ = c/aq, b= b/a, then:
) . -1/2
L [T dge {1 - (1+ =2 } =0
ey £ n=0,
T¥(a,b,c) = ’ ( (-icsin) ) , (3.36)
Ly doe o1 —iesing)[1- [T+ =B =1,

These are finite integrals with a smooth non-oscillatory integrand, amenable to computation using almost any kind of
numerical integration technique. Armed with these transformations and the scaling relations (3.31), (3.30) and (3.32), the
ODE system (3.26) can be numerically integrated efficiently and reliably for any physically feasible set of geometrical param-
eters of the architecture.

4. Simulations of the harvester
4.1. Comparison of static fields calculations with simulations in COMSOL Multiphysics

Even though COMSOL Multiphysics v3.5a supports simulations with a moving mesh (as would be needed for a complete
transient simulation of the harvesting architecture), every simulation attempted that included dynamics on a moving mesh
failed. The cause for this failure is still an open question, pending feedback from COMSOL. Therefore, the static fields derived
in this work have been simulated in the program, and a comparison is made between the results generated by COMSOL Mul-
tiphysics and those from the model so far developed. The simulations are executed in MATLAB.

4.1.1. Static fields comparisons

The static fields computed for comparison are the magnetic field generated by a cylindrical permanent magnet (see Sec-
tion 3.1) and by a coil with a given applied current (see Section 3.4). The geometry and other physical parameters for each
simulation are as follows:

e For the cylindrical magnet:
- Radius r; =6.5 mm
- Height h,, =5 mm
- Magnetization Mg =1.15 MA/m
e For the coil:
- Radius r,=0.4m
- Height L,=1m
- Applied current density #l =1 A/m (Note this does not represent a setting where # =1 turn/m and I=1 A, as it is not
consistent with the approximation of a densely wound coil. It rather represents a setting where, for example,
1 =1000 turns/m and I =1 mA)

In Fig. 3 some surface plots of the magnetic fields generated by the magnet and the coil are presented. The space grid
points evaluated for the construction of these plots are the same for the COMSOL simulations and the model’s computations.
Hence, several quantitative comparisons can easily be undertaken. In Table 1 two sample comparison indices are computed:
the absolute value of the maximum of the raw difference of both calculations (with this work’s model and COMSOL Multi-
physics) and the root of the mean squared error, integrated over the entire space grid. It can be observed that the agreement
among the two calculations is very close, with the tightest one being the magnetic field generated by a coil. Overall, the static
fields of the model are in good agreement the results of COMSOL Multiphysics, but the model provides more efficient means
for the calculation, as it does not need meshing of the entire simulation space domain.
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Fig. 3. Magnetic field magnitude for the static fields generated by a cylindrical magnet (left) and an applied current in a cylindrical coil (right). The black
lines indicate the element’s (magnet or coil) cross section boundary.

Table 1
Evaluation of two comparison indices for the COMSOL and model static field simulations.
Index Permanent magnet Coil with applied current
IIBJ| By B, IIBJ| By B,
|A 0.0774 0.0773 0.0949 2.97e-7 3.25e-7 1.88e-7
RMSE 1.322e-9 1.914e-9 1.052e-9 4.92e-16 4.60e—16 3.60e—16

4.1.2. Physics verification

In verifying the results from the FEA simulations in COMSOL, an issue of physical accuracy and correspondence arose,
when calculating the magnetic force of interaction (attraction or repulsion) among two magnets. For a sample setup, two
magnets identical to the simulated in Fig. 3 are placed one above the other, with their axial axes aligned and separated
by a distance of 1 cm, and with opposite magnetizations so as to repeal each other. A calculation of their mutual repulsion
forces is generated by COMSOL, evaluated in both magnets. Newton’s third law of motion requires these repulsion forces to
be equal in magnitude and opposite in direction. Equivalently, their sum must be identically zero. The COMSOL results how-
ever yield a non-zero sum or mismatch with respect to the law, as detailed in Table 2. The magnitude of the sum seems to
decrease, as well as the values of the forces themselves converge to the model’s result, with increasing mesh detail, but due
to the large computing resources demand of simulation with finer meshes, no further solutions have been calculated. This
behaviour of the COMSOL simulation is consistent with previous results on FEA computation of electromagnetic forces and
torques, since the various methods available in FEA converge only asymptotically to the physical value. These methods yield
result mismatches among the methods of approximately 50% for low-density meshes [11]. Therefore, the presented analyt-
ical model, makes gains in accuracy and performance, through a loss in modelling generality and flexibility.

4.2. An efficient method for the integration of the model’s dynamics

Recall from (3.26) how the fields Fj, and &, which are dependent on dynamic variables of the model besides the moving
magnet’s position, can be cast into product forms such that they can be precalculated independently of these dynamic vari-
ables, and then multiplied by the value of such dynamic variables at each particular time. That is, F(z;,), Fip(zm) and E(zp),
through their geometric functions g, g, and g., can be put as high-resolution one-dimensional look-up tables for interpola-
tion at simulation time, factorizing a set of complex calculations into a one-time procedure, and replacing it at simulation
time with a highly optimized one, as is an 1D table look-up with linear interpolation. Performing a non-dimensionalizing
scaling of the variables by means of (3.31), (3.30) and (3.32) (i.e. choosing 4 = l;1 with I a characteristic length scale like
L/2 in Fig. 1), detailed parametric sensitivity analyses can be done independently of physical units, which optimizes the
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Table 2
Verification of Newton’s 3rd. Law compliance of COMSOL static simulation of two identical
magnets placed one above the other. The last row shows the model result.

# Mesh elements Forces [N] N3L Mismatch [mN]
13513 1 - 2:3.4560 -10.3
2 - 1: -3.4663
53748 1 - 2:3.4473 -12.9
2 - 1: -3.4603
214992 1 - 2: 3.4669 —6.2
2 - 1: -34731
Model’s result
N/A 1 - 2:3.4890 0
2 - 1: -3.4890
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Fig. 4. Look-up tables for the geometric functions g, g, and g, for a sample configuration, non-dimensionalized by the scaling 2~ = L/2. The horizontal axes
is izm, with z,, as in Fig. 1.

design flow for this harvesting architecture. Hence, for a sample set of physical parameters for the harvester, a plot of these
look-up tables is given in Fig. 4, with 1000 points each. As it can be appreciated, the shapes depicted for these fields make the
system nonlinear in nature, with several linearization points required if a piecewise-linear approximation is desired. In
comparing the shapes of gy, and g, it might come as a surprise their strong resemblance, and so their ratio, denominated



4738 A.G. Avila Bernal, LEE. Linares Garcia/Applied Mathematical Modelling 36 (2012) 4728-4741

the electromagnetic induction ratio, has been calculated for each corresponding entry of their look-up tables. The mean of this
ratio is very close to —27 (with an absolute error of 10~°), as shown in Fig. 4(d), and most importantly, it has been observed
to be independent of the values of the geometrical parameters (by testing several different value sets of such parameters).
Hence, this resemblance has a fundamental origin, very likely arising from the complementary role of the magnetic and
electric fields in the phenomenon of electromagnetic induction.

4.3. Computing power considerations for the model and the FEA method

In view of the presented results, and particularly Section 4.1.2, it can be seen that the FEA method might require a fine
mesh for accurate computation of all physical quantities of interest, such as potentials and forces. This in turn involves the
solution of a linear system with a large number N of degrees of freedom, which is usually sparse [12], so the number of float-
ing-point operations (FLOPs) it takes to solve it is of order N or N> worst-case [9]. This solution has to be computed for every
position of the moving magnet, for a single set of parameters (i.e. dimensions and magnetization of the magnets, coil con-
figuration and container size). Then, in order to generate the look-up tables (of size P), the number of FLOPs in the FEA meth-
od is of order NP. In contrast, the introduced model evaluates each of its geometric functions g(a,b,c) (see Eq. (3.27)) with
finite integrals, which are of order M in the number of FLOPs, with M the number of points where the integrands are eval-
uated. Hence, the computation of the look-up tables takes a number of FLOPs of order MP. The fundamental difference among
the two methods is that virtually always M < N (by at least an order of magnitude), for the same target accuracy. Therefore
this model demands less computational power than the FEA method (in view of Section 4.1.2), at the loss of modelling gen-
erality and flexibility.

5. Conclusion

In this paper a mathematical model of an electromagnetic energy harvesting architecture has been discussed in detail. By
specializing the geometry of the architecture (hence giving up modelling flexibility) this model allows calculation to arbi-
trary precision of the physical fields that govern the dynamics of the architecture with less computational power. By avoid-
ing the discretization of the simulation domain, the accuracy of the described model is bounded only by the experimental
uncertainties in the physical parameters of the architecture and the finite arithmetic precision of the computing platform.
These features benefit the accuracy of the generated energy estimation that can be used as an optimization target to set
the optimal dimensions of the presented energy harvesting architecture.

Appendix A. Calculation of the magnetic field produced by a cylindrical cylinder

Using (3.3) in (3.5) generates the following system of equations:
H(k) + G(k)e**" = F(k),
H(k) + G(k) = I(k).
Inverting the preceding system of equations:
k) = e?k[(k) — F(k)

e2hk _ 1 (A1)
k) — I(k
G(k) = %. (A.2)

Now F(k) and I(k) must be calculated.
A.1. The magnetic field on the line r=0

On this line the integral in (3.2) can be analytically calculated, with the result given in (A.3).

Mo e P [ g 2 N2 =12
ORI e —— R o (T

(z— 21)2 + ,0’2 0

Z'=h

_1 / 2 /
,§M0< (hm —2)° +12 - r,2n+22—|hm—z|+\z\> (A3)

Then B = po(—V®y + M) is derived. On the line p = 0 only the z component of the field survives, yielding the field on the en-
tire axis p = 0, Vz € R, as expressed in (A.4).

z—hp, B z
Vn—22 3, VA7

(A4)

1
B,(0,2) = — 1,0, Pu(0,2) = —jMo,uO
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Employing relation (3.4) and evaluating on the line p = 0 we get:

1 kF(k)e®dk z > hp,
B(0.2) = {fo [HokF(k)le 2dk 2 > h

- Hokl(k) e dk z < 0. (A5)

It can be noted from this result that B,(0,z) is the Laplace transform of the function pokF(k) for z > h,, and likewise B,(0, —z) is
about —pokI(k) for z < 0.

A.2. The inverse Laplace transforms

Using (A.4) and (A.5) the functions F(k) and I(k) can be calculated by using the inverse Laplace transform:
F(k) = o Mo(e"* — 1)(5(k) — (k)
I(k) = —%Mo(e’“mk —1)(6(k) — ] (Tmk)).
These functions always appear as factors in integrands containing Bessel functions of the first kind, which vanish at the ori-

gin. Hence, the Dirac Delta term present in them unconditionally vanishes. Therefore, they do not contribute and can be ta-
ken out of these expressions:

F(k) = ﬁrmMo(e"mk - 1), (rmk), (A.10)

I(k) = lkrmMo(e’“m" - 1)J; (rnk). (A11)
Using these results in (A.1) and (A.2):

H(k) = *ﬁrmM(l,l (rmk), (A12)

G(k) = zl—krmMoe*”m"Jl (rmk). (A13)

A.3. The magnetic field at an arbitrary coordinate (r,z)

Invoking results (A.10), (A.11), (A.12) and (A.13) in (3.3), the expression for the magnetic scalar potential ®(p,z) is ob-
tained, as shown in (3.6).

Appendix B. Calculation of the induced electromotive force on the coil

In treating (3.12) for the space regions of (3.7), several cases for the induced electromotive force £ arise, as given by (B.1).
Their derivation is as follows:

e Forz >z, + hy:
. (Mol =k K(zm—2)
fE-dl:anm/ — —quorm/ (e —1)e"E =2 (rk)]o (kp)dk| p dp
= —n,uOMormrme/ (e"mk — 1)ek@m =21 (ro k)], (rpk) dk.
0
e For z,, <z <z, + hy, (with p >1p):
fE dl= anm/b 9 —l,uOMorm/ (ekEm=2) 4 gklz=tm=zn)\J (1 k)], (kp)dk|p dp
c o 0z| 2 0
= — T MolnTyZm X / (ek@hm=zm) _ kem=2\[ (r, k)], (rpk) dk.
Jo
e For z< z;:
. T 0 1 * —hmk k(z—z,
fE-dl:anm/ = ——,uOMorm/ (e~tmk _ 1)ek@E2m ], (1 k)] o (kp)dk| pdp
c 0o 0z 0

= — oMol Zm /0 ‘(e"""" — 1)ekezm] (rk)J, (rpk)dk.
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These cases can be compactly expressed as follows:

74' E. dl = —7ft,MoFl's2m / (e ke el _ gKan-2)[ (1. k)], (rpk) dk. (B.1)
JC JOo

This electromotive force induced by the moving magnet is for a single turn of the coil. Hence, the total electromotive force
will be given by the equation:

P b oe Y a)d "(fe.a)d c
= —dz= . 7 = : 7 = .
0faee=nf (fra)e=ny [(fea)e-y

where 7 is the longitudinal turn density N/L,. The index i and its summation account for the several cases of the induced
electromotive force that need to be addressed in order to complete the calculation, as shown in (B.1). Because of such par-
titioning of space with respect to each turn’s position, the following cases arise:

1. For z,,, > Lp/2:
In this case, the coil is located totally within the lower region of the magnet’s magnetic field (z < z,,). Thus a = —L,/2 and
b = L,/2 with the integrand belonging to region z < z;,.

2. For zy, + hyy > Lp/2 and —Lp[2 <z, < Lp/2:
In this case, the coil is divided among the lower and middle regions of the magnet’s magnetic field. Therefore, it is nec-
essary to compute integrals on those two regions, with integration limits (a,b) = (-Lp/2,z,,) and (a,b) = (zm,Lp/2) for the
integrands belonging to z < z,, and z,;, < z < z,, + hyy, respectively.

3. For z;, < —Lp/2 and —Lp[2 <z + hyy < Lp[2:
In this case, the coil is divided among the upper and middle regions of the magnet’s magnetic field. Because of this, two
integrals must be calculated with integration limits (a,b) = (—Ly/2,zmm + hyy) and (a,b) = (zy, + hy, Lp/2) for the integrands
belonging to z,, <z < z, + hy, and z > z,, + hy,, Tespectively.

4. For zy, + hy, < —Lyp/2:
In this case, the coil is located totally within the upper region of the magnet’s magnetic field (z > h,,,). Hence, there is a
single integral to be computed with integration limits a = —L,/2 and b = L,/2 for the integrands belonging to z > z,, + h;,.

There is an additional case that depends on the relation between L, and h,,, which is when the magnet is entirely in the
domain of the coil. In this case we have the following:

1. If Ly > hy,:
Then z,,, > —Ly/2 and z,, + h;, < Lp/2 and the coil is divided among all the regions of the magnet’s magnetic field. In con-
sequence, three integrals need to be computed, with integration limits (a,b)=(-Ly/2,zy), (a,b)=(zm,zm + hy) and
(a,b) = (zim + him, Lp/2) for the integrands belonging to z < zy, zm <z < zm + hyy and z > z, + hyy, Tespectively.

2. If Ly < hyy:
Then z,, < —Ly/2 and z,,, + h;;, > Lp/2 and the coil is immersed in the middle region of the magnet’'s magnetic field. The
integration limits for the integrand of this region (z,, <z < z;,, + hy,) are (a,b) = (—Lp/2,Lp/(2).

We summarize the preceeding reflections in Table B.3. Thereupon we proceed to calculate the resulting expressions. To
shorten the calculation, we first integrate with arbirtrary limits a, b the cases of (B.1), and then evaluate the limits presented
in Table B.3. The final expression for the induced voltage is given in (3.13).

Table B.3
Integration limits for the calculation of the induction on the coil.
Case Conditions Limits (a,b) for region:
Z<2zpy Zn <Z< Zm* hin Z>2Zy+ hy
1 Zm = %b (7 ’-7n i 1_7,,) - -
2 “bczp<bandzm + hy >4 (7%,2,,,) (Zm. %) -
3 B <zm+hy<Yandzy <-4 - (~% .z + hm) (Zm + hm, ')
4 Zm+hm<—% - - (*ij%b)

5. Magnet totally within the coil, L, > hy,
5.1 Zm+hm <% andzp > -4 (,Lb Zm) (Zm Zm + hm) (Zm + hm, ')

5. Magnet totally within the coil, L, < hy,
5.2 Zn+hm >%andz, < - % - (

|
N
N
~——
]
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e Forz >z, + hy,:

&=n / <% E. dl)dzfn / ( 7 / (e"mk — 1)ek@m =2 (r,.k) 1(r,,k)dk)a!z

ekz,,l a) _ek(zm—b)

= —O0NZn /0 (ehmk — N (rmk)J; (rpk)dk

e Forz,<z<zu+hy

&= 17/ (%E dl)dz—n/ < 0Zn /w(ek(thmfzm) — ek (rk) l(rbk)dk)dz

. 00 e—k(zm+hm)(ebk _ eak) + ek Zm—b) _ ek(zm—u)
= —0NZn
0

= X J1(rmk)]; (k) dk.
e Forz< z,;:
&= ;7/ (% dl) dz = 17/ < 0z / ‘(e*“'"" — 1)eke=zm] (1, k) 1(rbk)dk) dz
—kzm (__pak bk
. / (ehmk — 1)% Jy(rmk)] (rok)dk.
JO
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